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Abstract We investigate the zero dissipation limit problem of the one dimensional compressible isentropic
Navier-Stokes equations with Riemann initial data in the case of the composite wave of two shock waves. It is
shown that the unique solution to the Navier-Stokes equations exists for all time, and converges to the Riemann
solution to the corresponding Euler equations with the same Riemann initial data uniformly on the set away
from the shocks, as the viscosity vanishes. In contrast to previous related works, where either the composite
wave is absent or the effects of initial layers are ignored, this gives the first mathematical justification of this
limit for the compressible isentropic Navier-Stokes equations in the presence of both composite wave and initial
layers. Our method of proof consists of a scaling argument, the construction of the approximate solution and
delicate energy estimates.
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1 Introduction

The asymptotic behavior of viscous flows in vanishing dissipation limit process is one of the important,
longstanding problems in the theory of compressible fluid flow. It is expected that the solution to
viscous flows should converge strongly, when dissipation vanishes, to the solution to the corresponding
inviscid flow. When the solution to the inviscid flow is smooth, this problem can be solved by classical
Hilbert expansion along with energy method. However, the inviscid compressible flow usually contains
discontinuities, such as shock waves and contact discontinuities, which have so far prevented solving the
problem in the general setting by means of known analytic tools. Essential new ideas and methods are
needed to tackle this open problem. Therefore, any attempt on this problem that involves the singularity
in the inviscid solution can be viewed as progress to this general program.

In one space dimension, interesting progress has been made on system of hyperbolic conservation laws
with artificial viscosity u; + f(u)z = €ug,. Using a matched asymptotic expansion method, Goodman
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and Xin [8] proved that, given any piecewise smooth entropy solution with finitely many non-interacting
shock waves of the inviscid conservation laws, the above viscous problem admits a sequence of smooth
solutions converging to the given invisid solutions in vanishing viscosity limit. Later, Yu [44] improved the
results of [8] to allow initial layers by a detailed pointwise analysis. Recently, Zeng [46] proved the large
time asymptotic nonlinear stability of a superposition of shock waves with contact waves for the fixed
viscosity € = 1. In the context of small BV initial data, the seminal result of Bianchini and Bressan [1]
proved the the vanishing viscosity limit of solutions of this viscous hyperbolic system by deriving the
uniform BV estimates of solutions independent of the viscosity. This fully settled the problem in small
BV case when viscosity matrix is e/. However, the problem is still unsolved for physical systems such as
the Navier-Stokes equations.

In this paper, we study the zero dissipation limit of the solutions to the Navier-Stokes equations of
compressible, isentropic gases which, in Lagrangian formulation, can be written as (see [5]):

Ve — Uy = 0,

s+ plv), = (“) (L1)

where u, v and p denote the fluid velocity, the specific volume, and the pressure in a compressible fluid,
respectively, while € > 0 is the constant viscosity coefficient. The pressure p is assumed to be a smooth
function of v > 0 satisfying

p'(v) <0<p’(v), forv>D0. (1.2)

For example, (1.2) holds for polytropic and ideal isothermal gases, for which p(v) = Cv=™",v > L.
We consider the Cauchy problem for (1.1) with Riemann initial data

:{ U_, x<0, (1.3)

U+, x > O,

v(x,0)

Vie.0) = [ u(z,0)

where U, are given constant states. We are especially interested in the relation between the Navier-Stokes
solutions, U¢(z,t) to (1.1) and (1.3), and solutions U°(z,t) to the corresponding Euler equations

vy — Uy = 0, (1.4)
Ut +p(v)a: =0

with the same Riemann initial data (1.3).

Although the zero dissipation limit for compressible Naiver-Stokes equations remains as an important
open problem, many interesting results were achieved in the past. These results roughly fall into three
categories. The first is to use theory of compensated compactness to establish the compactness of the
sequence of solutions of the Navier-Stokes equations, and then to extract a subsequence to converge to a
limit, which was later justified as a weak solution to the corresponding compressible Euler equations. The
representative results are obtained by DiPerna [7] with initial data in H2, and by Chen and Pereperitsa [4]
with suitable smooth initial data. Although the class of initial data in these theories are fairly broad,
Riemann data, which are building blocks for the inviscid Euler equations (1.3), are specifically excluded,
and the abstract analysis yields little information on the qualitative nature of the viscous solutions. The
second kind of results utilizes recent development of nonlinear stability analysis results on elementary
waves for compressible Navier-Stokes equations. Motivated by early work of Xin [41] for rarefaction waves,
and Goodman and Xin [8] for solution with shock waves, exciting advancement has been made in this
direction. It was shown that, given a solution to the compressible Euler equations (1.4) which is piecewise
smooth and contains simple wave patterns, there exists a sequence of solutions of the compressible Navier-
Stokes equations that converges to the pre-fixed Euler solution in zero dissipation limit. The advantage
of this approach is that it can be generalized to general system, and the explicit construction of the
viscous solutions gives detailed structure of solutions along with explicit convergence rate. The possible
disadvantage of this approach is that this kind of results are often valid only for finite time when shock
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presents, and the convergence is good only for the preferred (or constructed) sequence of viscous solutions.
We refer the readers to [2,3,6,16,18,19,21,22] for a partial list of results in this direction. Last but not
least, Hoff and Liu [9] proposed a framework to study directly the compressible Navier-Stokes equations
with Riemann data, established sharp and uniform estimates, analyzed the detailed behavior of the
solutions in initial, intermediate, and large time regimes, and finally proved the zero dissipation limit
to the Riemann solutions of compressible Euler equation. Comparing with the second category, this
program is different in at least four aspects. First, rather than the preferred sequence with approximate
initial data, this program shows uniform convergence of Navier-Stokes system with fixed same data as
Euler. Second, the stability analysis component in this program has large initial perturbation. Third,
this program takes care of both shock waves and initial layers. Finally, the convergence result of this
program is globally, not only for a finite time. So far, except for Hoff and Liu [9] where the isentropic
Naver-Stokes (1.1) with a single shock wave initial data was solved, no much development appeared in the
past two decades. The main motivation of this paper is to extend this result to the case of the composite
wave of two shock waves. In particular, we prove that the solutions of the compressible isentropic Navier-
Stokes system (1.1) with Riemann initial data (1.3) exist for all time, and converge to the Riemann
solution to the Euler equations with the same Riemann initial data that is a composite wave of two shock
waves, as the viscosity tends to zero. This gives the first mathematical justification of this limit for the
compressible isentropic Navier-Stokes equations in the presence of both composite wave and initial layers.
For other related works, the readers are referred to [23-25, 30,31, 42,43, 48].

Now, we introduce some preliminary notations and give some background materials before stating
the main theorem. It is known that the system (1.4) has two eigenvalues: Ay = —y/—p/(v) < 0, Ay =
v/—p'(v) > 0, where two characteristic fields are genuinely nonlinear. In the present paper, we focus our
attention on the situation, where the Riemann solution to (1.4) and (1.3) is a composite wave of two
shock waves (and three constants states) (see Figure 1):

U_, x<st,
U(z,t) = U, sit <z < so, (1.5)
U+, x > Sgt.

Here, U, is the intermediate state and the shock speeds s; and s, are constants determined by the
Rankine-Hugoniot condition

(1.6)

Um

2-shock

<

Figure 1 The composite wave of two shock waves
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and satisfy entropy conditions

—V =P () > 51> =/ =P (Um), V=P (vm) > 52> /P (vy). (1.7)

To describe the strengths of the shock waves for later use, we set

§=Uy —U_|, 61 =|Un—-U_|, 03=|Uy —Upl|, 0=min{d,d}. (1.8)
When we choose § small in our situation for the fixed U_, we note that it holds
0 < 61+ 02 < O, (1.9)
where C' is a positive constant depending only on U_. Then, if it holds
01+, <CH, as 8+ 0y — 0, (1.10)

for some positive constant C, we call the strengths of the shock waves “small with same order”. In what
follows, we always assume (1.10).

Next, we recall the definitions of viscous shock waves of (1.1), which correspond to the above shock
waves. We see that the 1-viscous shock wave which corresponds to the 1-shock wave is a traveling wave
solution to (1.1) with the formula Uf(z — s1t) = (V5, Uf)!(z — s1t), which is determined by

)
Ue)/ /
_ Ue / Vey = ( 1
sa(01) + vy = 2 -
(Vi U (—00) = U-,
(VI U (+00) = Un,
where ' = %7 £ =1z — s1t.
Similarly, the 2-viscous shock wave US(z — sot) = (Vi, Us)*(z — sat) is defined by
—s2(V5)" = (U3)" =0,
Ue)/ 4
_ Us / \VAS [ 2
sa(03) + 05y = e T2 -
(V, Us5)"(=00) = Un,
(V5,Us)! (+00) = Us,
where ' = d%, N =2x — Sat.
We denote a composite wave consisting of the two viscous shock waves (V€,Uf)!,i = 1,2 by
e = N Vi(x — s1t) + Vi (x — sat) — vy . (1.13)
us Us(x — s1t) + US(z — sat) — um,

Since the present paper is concerned with the non-smooth initial perturbation, the integral ffooo(U (z,0)
— Ul(x,0))dx is in general not zero. Fortunately, for weak waves, 0 < &; < 1 (i = 1,2), the vectors
ry =Up —U_, ro = Uy — Uy, form a basis of R2. Thus, the initial mass can be decomposed into

oo 2
/ (U(z,0) — U*(x,0))ds = Zairi (1.14)
i=1

— 00

with the uniquely determined constants a; (i = 1,2). Now the desired ansatz US. ¢ Is defined as

af,a
be. . — Ve as | | V(@ —sit+ane) + Vi(z — sot + aze) — v,
afas = | =

(1.15)
Us(x — s1t + ar€) + US(z — sat + aze) — up,
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Then it follows from (1.3), (1.11), (1.12), (1.14) and U(z,t) = U*(%,L) that

o0

/m (U(,0) = U%s s (,0))des = /m (U (z,0) — T (x,0))dz +/ (0(2,0) — U o (,0))dz

—00 — 00 — 00
2 2
= eZaﬂ"i — eZairi =0. (1.16)
i=1 i=1

Thus, Ug. ¢ is the desired ansatz.

Now, we are in a position to stating our main theorem.

Theorem 1.1.  Let the constant states Uy (with vy > 0) be connected by the composite wave consisting
of two shock waves, defined by (1.5) above, and § = |Uy — U_| be sufficiently small. Then the Navier-
Stokes equations (1.1) with Riemann initial data (1.3) have a unique, global, piecewise smooth solution
Ut(z,t) = (v, u)t(x,t) such that:

(i) uf(z,t) is continuous for t > 0; uS, v, v and v§ are uniformly Hélder continuous in the sets
{r<0,t =27} and {x > 0,t > 7} for any 7 > 0; and u§, uS,, and v5, are Hélder continuous on compact

xTxT’

set in {(x,t),x # 0,t > 0}. Moreover, the jumps in v¢(x,t) and us(x,t) at x =0 satisfy

€

[v(0,0)]] < cexp{—ct/e}, |[uz(0,D)]] < cexp{—ct/e}, (1.17)

where ¢ is a positive constant independent of t and e.

(ii) The solutions U€ = (v¢,u)t converge uniformly to the composite wave U° consisting of two shock
waves defined in (1.5) as the viscosity € — 0 on sets of the form {(z,t) : |v — s1t| = h and |z — sot| > h},
for any positive number h, i.e.,

lim sup \U(z,t) — U (z,t)| = 0. (1.18)

€0 13— s;t|>h,i=1,2

(i) For fized viscosity € > 0, the solution U¢(x,t) approaches the composite wave U;m; consisting of
two viscous shock wave defined in (1.15) uniformly as time t goes to infinity, i.e.,

lim sup |U¢(x,t) — U;i,az(a:,t)\ =0. (1.19)

t—o0 zERL

The convergence rate in LP-distance is given by

sup |US(-,t) = U°(-, )|l » < Ce%, for any 2 < p < oo, (1.20)
>0

where the positive constant C' is independent of € and t.

Remark 1.2. It is interesting to make a comparison between Theorem 1.1 and those of Yu [44], where
Yu gives a sharp characterization of the zero dissipation limit process with shock and initial layer for the
hyperbolic conservation laws with artificial viscosity. The main theorem of [44] is valid on the time interval
§727%e <t < O(1)8 (here ap is a given positive constant, € and & denote the viscosity coefficient and
the strength of the wave, respectively, see the main theorem on [44, p. 278] for details). The convergence
rate in (1.19) and (1.20) is not as good as in [44], but they are valid for all the time ¢ > 0.

Remark 1.3. Similar method can be applied to study the compressible non-isentropic Navier-Stokes
equations. This will be reported in a forthcoming paper [47].

Now, we sketch the main idea of the proof and explain on some of the main difficulties and techniques
involved in the process. Roughly speaking, we follow the framework of Hoff and Liu [9] on the case of a
single shock wave, and the proof involves the following four steps.

In first step, using the hyperbolic scaling property of (1.1) and (1.3) and the Riemann problems (1.4)
and (1.3), we perform the scaling argument to reduce the proof of Theorem 1.1 to the nonlinear stability
problem in large time. Therefore, we encounter the problem to prove large time noninear asymptotic
stability of a composite wave of two viscous shock waves for (1.1) under the Riemann data (1.3). It is
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worth mentioning here that for Riemann initial data (1.3), the L?-norm of the spatial antiderivative of the
initial perturbation, i.e., [*_ (U(y,0) —Ua, o, (y,0))dy, is of the order §~/2, where § = |Uy —U_|. Thus,
if we take 6 small, the H2-norm of [*_ (U(y,0)—Ua,a,(y,0))dy becomes arbitrarily large. Therefore, the
classic energy methods in [17,20,26-29,39,40,45], depending essentially on the smallness of the H?-norm
of the spatial antiderivative of the initial perturbation, do not work here. Comparing with the single shock
wave case in [9], where the excess mass is zero, the main difficulties here lie in the non-zero excess mass
and the interactions of two shock waves which are listed as follows. First, due to non-zero excess mass,
we need introduce phase shifts to carry the excessive mass, which makes the problem become much more
difficult (see the proofs of (2.12), Lemmas 3.1 and 3.2). We remark here that the shock speeds s; < 0
and so > 0 play an essential role in the proof of Lemmas 3.1 and 3.2. Second, due to the interactions
of two shock waves, we need to control the error estimates arising from the difference between the two
intermediates described in Figures 1 and 2. One of key observations in this paper is that the difference is
on the order of §° (see (2.12)). With this key estimates in hand, we can control the error estimates arising
from the difference to close our energy estimates. Third, since the composite wave is considered here,
we can only get that the difference between A\y(Up,) and A2(Uy) is on the order of §, and do not know
whether or not it is on the order of §° as in [9]. But, as we know, the fact that the difference between
A2(Up,) and A2(Uy) is on the order of §2 plays an important role in the proof of the main theorem in [9].
We overcome this difficulty by estimating the terms much more carefully and technically (see (2.32),
(2.34), Lemmas 2.6 and 3.1). Fourth, since two viscous shock waves and the effects of the initial layers
are considered here, wave interactions do occur. By making full use of the underlying wave structure,
we can obtain our desired estimates of wave interactions to close our energy estimates (see the proof
of Lemma 5.1). Fifth, we need to tackle the difficulty arising from the fact that the composite of two
viscous shock waves defined in (1.15) is not the exact solution to the Navier-Stokes equations (1.1) with
Riemann initial data (1.3). We overcome this difficulty by combining wave interactions estimates and
the technique on energy estimates.

In the second step, we develop sharp approximate solution to Navier-Stokes equations with Riemann
data (1.3) in the initial time regime. It is well known that viscous shock waves are leading asymptotic
ansatz for shock wave in large time, but do not generate good approximation in short initial time.
Therefore, both [9] and us encounter difficulty from initial layer. To overcome this difficulty, we construct
approximate solutions through nonlinear Burgers’ equation. The key idea is that instead of viscous
shock wave, we decompose the Riemann data in phase space and reconnect them through two diffusion
waves which are the Navier-Stokes’ correspondences through nonlinear Burgers’ equation. These give a
much better approximation to the Navier-Stokes solution in its leading order and matches well the initial
Riemann data. Therefore, detailed local information on the solution is obtained, and the solution is
extended to the intermediate time regime of order O(6=277), where § denotes the strength of the initial
jumps, and ¢ is a small positive constant.

In the third step, we establish the key property of the solution to Navier-Stokes in the critical intermedi-
ate time regime. By making full use of the nonlinearity of Burgers’ equation and delicate energy methods,
we can show the difference between the solution to the Navier-Stokes equations and the approximate so-
lution remains small, at least for times up to intermediate time of order O(6~2~7). It is now we are able
to deal with the problem caused by the fact that the L?-norm of the spatial antiderivative of the initial
perturbation is as large as 6~ 1/2. In fact, motivated by [9], one of key observations is that the square of
the L?-norm of [*_ (U(y,t) —Ua, s (y,t))dy is of the order 6*(¢t+1)” (where a and b are nonnegative and
a—2b >0, see (2.63)), which may be arbitrarily large if the strength of the initial jumps § is sufficiently
small and ¢t = O(6~2~7). The estimate (2.64) will enable us to obtain that the square of the L2-norms of
higher-order derivatives are of the order 6%(¢ 4 1)” (where a and b are nonnegative and a —2b > 1), which
may be arbitrarily small if the strength of the initial jumps J is sufficiently small and ¢t = O(5—277).
This, in turn, will lead to the desired smallness of the L>-norm of [“_ (U(y,t) — Ua,,a,(y,t))dy and
L?-norms of higher-order derivatives which is exactly the a priori assumption of Lemma 2.6. The energy
estimates thus can be closed. We remark that the smallness assumption on the strength of the initial
jumps is essential here.
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In the last step, we show that for very large time, the solution to the Navier-Stokes equations coalesces
with the composite viscous traveling wave of the Navier-Stokes equations. This argument is proved by
means of energy estimates, using time O(6~2~"Y) as initial time. The detailed estimate of solution in
intermediate time regime helps to soften the roughness of the initial data due to dissipation of Navier-
Stokes. The resumed smallness in certain order norms gives the possibility to prove this stability result
using energy method. Comparing with [17], the main novelty in this step of this paper is to overcome
the difficulties arising from non-smooth initial perturbations and the careful energy estimate on the
boundary integral terms. These can be easily seen from the new and very different energy estimates
in, for instance, the proofs of (5.2) and (5.3), and the estimates on the boundary integral terms arising
from the non-smooth initial perturbations (see (5.20)). For other related works, we refer the readers
to [32-36, 38].

The rest of this paper is organized as follows. In the next section, we construct a certain approximate
solution and collect together those properties needed for energy estimates in Sections 4-5. In Section 3,
we collect some fundamental facts concerning the viscous shock waves. The wave interactions are also
estimated in this section. In Section 4, we obtain the intermediate-time estimate for U — Ual,a2~ In
Section 5, we make careful energy estimates to complete the proof of our main results, Theorem 1.1.

Throughout this paper, we use the following notations:

0 “+o0
=1 ey 4= 1 Hzeeey + - e, ][dy:/ dy+/0 dy.

2 Some properties for the approximate solution
In this section, we adjust the technique developed by Hoff and Liu [9] to construct the approximate

solution based on the self-similar solutions of the Burgers equation and collect together some estimates
needed in Sections 3-5. We shall take e = 1 throughout this section, so that (1.1) takes the form

v — Uy =0,

U + p(v)e = (uz)m (2.1)

Rewrite (2.1) as

U U 8 oU
S AU S = o (B(U)ax), (2.2)

v 0, -1
U= , AU) = ’ , B(U) =
(1) a0=( ey ) o

The characteristic speeds A; and right eigenvectors r;, ¢ = 1,2, for A are

where

0,

/N

=
Sl= D
N———

F1/o,

—o /oy

Ai=TFVo, ri=

], VA -rm=1, i=1,2, (2.3)

where o = \/—p/(v).

Let Ry and Ry be integral curves of r1 and 7o, passing through U_ and U, , respectively, and intersecting
at Uy, (see Figure 2).
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Ry

Um

Ro

<

Figure 2 The approximate diffusion waves

It is noted that the Rankine-Hugoniot condition (1.4) implies

— =g+ (O —0-) ) + v/ (O — v1)(p(v4) — p(Tm)) (24)

and the integral curves R;, i = 1,2, are given by
Ritu=u_ —/ ) V=p'(T)dr, Ra:u=uy —/ v =p'(T)dr. (2.5)
v V4

By virtue of (2.4)—(2.5) and Hélder inequality, we have

Q(ﬁm - U+) = \/(6m - v_)(p(v_) - p({)m))
o o) (03— p(om)) / P

= om =)0 s - [V

+ /(O = v1)(p(v1) = p(Bm)) — V= (1)dr

vt

> 0. (2.6)

Therefore, we see that 9, < vy and )\Q(Um) > A\o(Uy), since o, < 0. So, we define

i = 5(U) = M(0)] > 0 27)

and

-1 N
o = 2 Dha(l) — Ma(U1)] > 0. 28)

It follows from (1.8) , triangle inequality and |U,, — U_| + |Uy — U,,| < C|U; — U_| that
6 < 6y + 6y < 6. (2.9)

By virtue of [37, Theorem 17.16], we have

Um

Um — \/T(T)dT—u_Jr/vi V' (7)dr
um_/vmde—ﬂmﬂ-/ﬁm\/T(T)dT

<ClU, -U_)? (2.10)
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and

Um+/vm\/T(7')dT—U+—/v+\/T(7)dr

s & / =P ()T — i — / Vp'(r)dr

< ClU; — Uyl (2.11)

From (1.9), (2.10) and (2.11), we can get the desired estimate concerning the difference |U,, — U,,|, i.e.,
U — Upn| < C3°. (2.12)

Using (1.9), (1.10), (2.9), (2.12) and triangle inequality, we have
5/C < b1, 0y <CO. (2.13)

Now, we are ready to describe Riemann data solutions and traveling wave solutions to the Burgers
equation, and use this information to construct the approximations Ug and Urw required later on. To
begin with, we let Agr be the solution to the Burgers equation

A+ M =Bz, t>0, TR, (2.14)
with Riemann initial data

0, z <0,

. 2.15
—-20, x>0, ( )

/\R(xa O) = {

where 8 and § are positive constants.
Using the well-known Hopf-Cole transform, we can solve initial value problems (2.14) and (2.15) di-
rectly. As in [9], we have the following lemma.

Lemma 2.1.  The solution to initial value problems (2.14) and (2.15) is given by
eé(x+$t)/6f(_L28t)

Ap = 20— — VaBt : (2.16)
oo 8018 f(— 28 1 ()

where
1 +oo 2
fla) = 7r7§/ e T dr. (2.17)
Moreover, Ar satisfies
— 26 < Ag <0, (2.18)
oA 5 22 s a iz
N PE—
O*Ar PP B DU R S < [ PRw Ny
W(m,t) < C[(O|x|t™2 + 6%t~ 2)e” 26 4 0e 1, (2.19)
P Ar $(,.24—3 -3 52 -3 -1 83, 10 —E2 %4 §latdt
28 0,0 < U2 + [alt=5) + 82l +171) + B do i 4 §re—flosb/o])
7
Proof.  See 9, Theorem 2.1]. O

So, we let A%, i = 1,2, be the solution to the Burgers equation (2.14) with initial data

0, z <0,

~ (2.20)
—2(5i, x>0,

Mo (2,0) = {
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and 8 = 1/(29,,), and set

{ pg(a,t) = Ap(z = M (U-)(t +1),t + 1) + M (U-), (2.21)

1
R
15(2,t) = A% (x = Ao (Um) (t + 1), t + 1) + Ao (Usy).

It is easy to see that p; are also solutions to (2.14) with “initial data”

l(x _1): {)‘1((])7 x <0,

b Al(Um)7 xr > 0,
and
/\2(07, ), < 07
M2R(x7 _1) = '
X(Uy), x>0.
Next, we generate approximate solutions U} by taking U, € R; and \;(Uk(z,t)) = pih(x,t), and we
finally set
Up=Uk+Ug — Upn. (2.22)
Then, Uy satisfies the pde
(Ur): + F(Ug)z = B(Unm)(Ur)sa — A1 — Az + D, (2.23)
where 1
A= 55 Wr)aa?i(Uk) + (1R)a B(Un) (ri(Uk))a, (2.24)
g "
and
—U 0
U) = 1 , D= [ ) B , i (2.25)
p(v) p(vr) — p(vR) — p(VR) + P(Um)
At t = —1, Ug agrees with U(-,0),
_ U_, <0,
Up(z, 1) = v (2.26)
U+7 x> 0.

An approximate solution Urw is constructed in exactly the same way, except that, in place of the
solutions )\33 to the Burgers equation with Riemann data, we substitute the corresponding traveling wave
with the traveling wave data Ay (z,0) = (—20;)/(1 + e~%*/8) with 8 = 1/(2%,,). Thus,

; —25;
ATW(xvt) - 1 +e—5i(%—§it)/,3’ (227)
where B - B
gl — Al(U_) + A1(07'777«)7 52 — )\Q(Um) + A2(U“!‘)7 (2.28)
2 2
and
:u”lI‘W(xvt) = /\’1TW(z7t+ 1) + )‘1(U—)7
Py (T, 1) = Ny (2,6 + 1) + A2(Unn), (2.20)

UTW = UF}W + U’%W - ﬁm7
i (Ukay (2,1) = plow (2,1), Uk € R

In the following lemma, we collect together those properties for Ur needed in Sections 3-4.
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Lemma 2.2. Let Ug be as constructed above. Then
%C,t) < Cl(t+ 1)~V 4 63/2), (2.30)
! OUg 2 2( 1/2 | 534
0o JR
a%(.,t) <Ot +1)734* + 67, (2.32)
%(”t) HaUR B <+ 467, (233)
R (4 (2.34)
ox
Ll
(9’UR
7_f1+f27 (2.35)

where —C6 < f1 <0, and || fa(-, )|z < C[6(t+ 1)~ + 62t +1)"Y2 + 6%,
“+oo oo N
/ (Oh ~ Uy )y d
0

‘/z (U% = Un)(y t)dy| d

HUR( —Ur(,-1)II < €9, (2.38)

+oo “+o0
/ / \Dldwdt < €2, / / \D2dwdt < C5°. (2.39)

Proof.  Since the proofs of (2.30)—(2.32), (2.34) and (2.36)—(2.39) can be found in [9], we focus our
attention on the proofs of (2.33) and (2.35). To begin with, we have from construction that

2
< CO2(t+1)3/2e= (/O (2.36)

2
< CO2(t 4 1)3/2e= (/O (2.37)

Oon )| < |2t a0 + | 2 a0
oL ON2 ~
<Ol—/—=(x — R, _
<C|%h Al(U_)(tJrl),tJrl)‘ ‘83& (@ = Ao(T)(t+ 1), £+ 1)
< CP(t+1)"Y2 467, (2.40)

where we have used (2.13) and (2.19).
Similarly, we can obtain -
OUR
%

Then, (2.33) follows from (2.40) and (2.41) immediately.
Next, we prove (2.35). By construction, % (1%)emi(U%), i = 1,2, so that by (2.3)

(x,t)‘ <Ot +1)"Y2 467 (2.41)

ovr  Oug ous,

R TR T (242)
where a; = O(1), i = 1,2, are positive.
By virtue of (2.22), we have
ooy, [OAg OXg
ek [ 5t Bp - NU_)t+1),t+1) =\ (U_)LE B Bz — MUt +1),t+ 1)} , (2.43)
and v ON? ON?
% = {atR(I ~M(Un)(t+1),t+1) - )\Q(Um)a—;(at — A2 (Un)(t+ 1), t+ 1)} . (2.44)
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Combining the above relations (2.42)—(2.44), we get

aaif = [—m)q(U)aa)j%(x—/h(U)(t+1),t+1)+a2)\2(ffm)aa)f%(:c—/\Q(Um)(t—kl),t—i-l)}
+ [alagjq(w MU +1),t+1) — az(?—f(x — A (Upn)(t + 1), t + 1)} (2.45)

The first term here, which we take to be f; is negative, since the solution operator to (2.14) preserves
monotonicity. It is clear that —Cd < f; < 0. The second term above, which we define to be fa, then
satisfies

I f2( )l < CO(E+ 1)+ 02(t + 1) /2 + 67, (2.46)

where we have used (2.13), (2.14) and (2.18).
Therefore, the proof of (2.35) is completed. O

The following facts concerning Urw will be needed in Sections 3-4.

Lemma 2.3.  Let Upw be as constructed above. Then
0 = 3/2
and
|Urw(-,0) — Upw(-, —1)| < C5°/2. (2.48)
Proof.  See 9, Theorem 2.5]. O

The following lemma is concerned with the estimates of the difference between Ug and Upwy.

Lemma 2.4. Let Ug and Upw be as constructed above. Then

ITR(-,t) — Urw (-, t)|| < C[6Y/2 + 5(t + 1)1/4)e= 0" (H1)/C (2.49)

/Ooo ‘/;(U}% — Utw)(y, t)dy
/ooo /j(UIQ% — Uiw)(y, t)dy

Proof.  Noting that (2.13), we can prove Lemma 2.3 by applying the similar arguments as in [9,
Theorem 2.6]. O

2
do < C[5~Y2 4 §(t + 1)M/4]e =5 (H1/C (2.50)

2
do < C[6~Y2 4 §(t + 1)/4e~0"(t+1/C. (2.51)

The approximate solution Ug constructed above fails to satisfy a conservation equation (see (2.23)),
so that the variable

/ " U, 0) - Uny, 0)ldy

— 00

is not necessarily in L?(R) for t > 0. We therefore introduce the function U defined by

— .= 1 =
U, + F/(Um)Ux = FU;;;E + A + Ag, S R, t>0, (252)

with the initial data

U(z,0) = Ug(z, —1) — Ug(z,0). (2.53)
Thus, Ug + U agrees with U at t = 0 (see (2.26)), and U — Ur — U, satisfying a conservation equation,
will have an L? z-antiderivative for all time.
The following lemma gives some bounds for U required for the analysis in Sections 3-4.
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Lemma 2.5. Let U be constructed above , and assume that § = |Uy —U_| is sufficiently small. Then

o nl<c Yy s t+1), (2.54)
a—2b>1
t _
//|U|2dxdt<0 > ost+1), (2.55)
0 JR a—2b>0
t —
//|Ux\2d:zdt<0 > st +1), (2.56)
0 JR a—2b>2
T <C D s t+1), t>1, (2.57)
a—2b>1
t —
//|Um|2dxdt<(] S 1p, =1, (2.58)
1 JR a—20>2
t —
//|I7|4dxdt<0 doost+1)t t>1, (2.59)
1 /R a—2b>2
1T (-, 1) < C6, ¢ =1, (2.60)
0 T 2
/ / Uy, t)dy| de<C Y §*(t+1)°, (2.61)
—oo [/ =00 a—2b>0
oo 0 _ 2
/ ‘ Uy, t)dy| du < C Y 6°(t+1)". (2.62)
0 z a—20>0

Here, 3, oy, 0%(t + 1)® denotes a finite sum of the terms of the form §%(t + 1) where a and b are
nonnegative and a — 2b > c.

Proof.  See [9, Theorem 3.1]. O

We end this section with the following lemma concerning the existence of the solution U up to the
intermediate time 7' = O(6~277):

Lemma 2.6.  Under the assumptions of Theorem 1.1, the solution to (1.3)—(2.1) exists up to the
intermediate time T = O(6=27"), where ¥ > 0 is a global constant, and satisfies

¢ ¢
sup ||W(T)||2+/ ||Wx(7')||2d7'+/ / |f1|lw?dzdr < C Z 5ot +1)°, (2.63)
0<T<t 0 0 JR a—2b3>0

t
sup {JAUGH? + [oa(rf) + [ AU (dr <0 3 de 1), (2.64)
0<r<t 0 a—2b>1

fort <T. Here AU =U —Ug — U and W = [F AUy, t)dy =[3].
Proof.  Setting AU =U — U — U and W = ffoo AUy, t)dy = [Z], we have
AUy + [F(U) = F(Ug) = F'(Un) 01,
= B(Un) AUz + [(BU) = B(U))Uslo + (B(Unn) = B)Usa — Da, (2.65)

and

Wi+ [F(U) = F(Ur) = F'(Un)U] = BUn)Waz + (BU) = BUn))Us + (B(Un) = )0z — D. (2.66)
Of course, the initial data is identically zero for both AU and W by (2.26) and (2.53). Linearizing the
second equation in (2.66), we can rewrite (2.66) in the form

2t — Wy = —fg,

we+ 9/ (o) = 22 1 (1 _ })uw ; (} - ﬁ)ﬂx — A+ Ol = T)? + [ — T

Um. v vm m

(2.67)
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Following the arguments in [9], in order to complete the proof of Lemma 2.6, we only need to
prove (2.63) and (2.64) hold up to T as a priori bounds, that is, provided that ||w||Le, ||v — v_] L,
53t and Jlog(t + 1) are sufficiently small. First, we derive energy estimates for the solution W to (2.67).
By multiplying the two equations (2.67) by z and —w/p’(vR), respectively and adding and integrating,
we obtain

t
sup /|W(m77)|2dac+/ /(|f1|w2+w3)dxd7
0<7<tJR 0 JR

t
C’/ / [| f2|w? 4 |220| + |wwe (DR) ] + |wie (v — Tp)]
o Jr

+(lwe| + [w(@r)< Dl + [wlld] + [wllv — Or|* + [wi(Tr — Om)||dedr

8
_ Z I, (2.68)
j=1

where we have used the fact that (. ( )t = |(p 2f1| + O(f2).

Now, we apply the estimates (2.30)— (2.39) for Ug and (2.54)—(2.62) for U to bound the terms I, one
by one. First, we have from (2.35) that

< Clolog(t + 1) + 82t + 1)F + %] sup / w?(z, 7)dz. (2.69)
R

o<t
Using the Cauchy-Schwarz inequality and (2.54), we get
[ // Zder+Co Y 6(t+1)° ] (2.70)
a—2b>0

where « is to be chosen later.
Applying the Cauchy-Schwarz inequality and (2.33), we obtain

t t
I; < Ca / / w2dzdr + Cy / / (vR)2w?dxdr
0 JR 0 JR

t
C[a/ /widxdT—l—Ca(ézlog(t—i—1)—1—641?) sup /w2($,7)d7:|. (2.71)
0o JR R

o<t
Due to the triangle inequality, we have

t _
14<c/ / w(v—ﬁm)|(|Aux|+ Our
0 R

Using the triangle inequality, Cauchy-Schwarz inequality, and (2.55), we get

+ |um|>dxdT:Ii +1; + I3 (2.72)

t
n<c [ [ el + 1= 5,)]+ i) dsdr

CHwHLoo/ / 22 4+ Au2)dxdr + Ca sup /wQ(x T)dx

o<t

+ Co6%t / /Au dde+C/ /Au dde+C// v*dadr
gC{a sup /wQ(JZ,T)dI—FHwHLoo/ /zﬁdwdT
o<t
+ (14 6%) //Au dedr+ Y 8%(t+1) } (2.73)

a—2b>0
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Similarly, we have

142§C[53t sup /w xrd:c+a// 2dxd7'—|— Z 0t +1) ] (2.74)
R

0Tt a—2b>0

and

Ijgc[é% sup /w (x, T dm—i—HwHLoo/ / 22dxdr + Z 5 (¢t } (2.75)
R

Os7<t a—2b>0

Combining the relations (2.72)—(2.75), we obtain

t
I4<C[(a+53t) sup /w2(x,7)dx+(oz+|\w||Loo)/ /zgd:ﬂdT
R R

0Tt

+ (1+6%) //Au dvdr+ Y 0(t+1) ] (2.76)

a—2b20

By virtue of (2.33), (2.55) and Cauchy-Schwarz inequality, we get

¢ ¢ ¢
C[a/ /widwdT—&—/ /EdedT—i—/ /wQ(vR)idxdT]
0o JR 0o JR 0o JR

< C[a /Ot/RwidxdT + (6% log(t + 1) + 0*t) sup /sz(:r,T)dx + Z 0 (t+ 1)b]. (2.77)

0Tt a—2b>0

Applying Cauchy-Schwarz inequality and (2.39)s, we have

t t
C {53/ / w?dxdr + 673/ / dexdT} < C{égt sup / w?(z, 7)dx + (5}. (2.78)
o JR o JR o<r<tJR

By the triangle inequality, Cauchy-Schwarz inequality, and (2.55), we obtain
c/ / \w|(|2o| + |7])2dedr < C|lw|| L~ U / Zdedr+ Y 6°(t+1) } (2.79)
a—2b>0

Similarly, we have

IgéC[a sup /RwQ(x,T)dH 3 6"(t+1)b} (2.80)

07t a—2b>0

Inserting the above estimates into (2.68), we get

t
sup /|W(w,t)|2dx+/ /(|f1|w2+wi)d:rd7'
0<r<t

Cla+ ||w||pe=) // 22dxdr + C(1 + 6%t) //AUdedT+C’ Z §%(t+1)°. (2.81)

a—2b=0

Next, we estimate the term fo [ z2dzdr. To do this, we differentiate the first equation in (2.67) with
respect to x, multiply by —w, and add to z, times the second equation in (2.67). Integrating the resultant
equation over R x (0,t) and applying the similar arguments just as before, we have

[ [ et | [ty 3 v

a—2b20

Adding a small multiple of (2.82) to (2.81), taking « small in (2.81), and using the priori assumption
|w]| Lo is small, we conclude that

t
sup /|W(3:,t)|2dx—|—/ /(|f1|w2+w§)da:d7'
0<7<tJR 0 JR
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gC{ sup /z(destr Z St 4 1) 4 (1 + %) //Au dxdT] (2.83)
R

Os7<t a—2b30

With the essential estimate (2.83) in hand, we can use the same arguments as in [9] to conclude that (2.63)
and (2.64) hold up to T as a priori bounds, i.e., provided that ||wl||=, |[[v —v_]|| L=, 63t and &log(t + 1)
are sufficiently small.

Therefore, the proof of Lemma 2.6 is completed. O

3 Some properties for the viscous shock waves and the estimates for wave
interactions

In this section, we first give some fundamental facts about the viscous shock waves. Then, we deal with
the wave interactions from the two different characteristic fields. We begin with the following lemma
concerning some properties of the viscous shock waves.

Lemma 3.1.  Let the viscosity coefficient € be equal to one in (1.11) and (1.12), and denote Uy and U,
by the viscous shock waves of (1.11) and (1.12). Then, the two viscous shock waves Uy and Uy defined
n (1.11) and (1.12), respectively satisfy the following estimates:

(U, — U_)(z,t)| < Ce 0tlz=tl/C o g1t >0, (3.1)
() — Up)(x,t)| < Core %o Slﬂ/C, x> sit, t>0, (3.2)
|(Uy — Uy (,t)| < Cope™02lo2tl/C 0 < 5ot £ >0, (3.3)
|(Uy — Uy )(z,t)| < Coge™%22=52t/C g5 ot £ >0, (3.4)
Uio(z,t) <0, |Uin| < Co2e70lr=stl/C 2 e R >0, (3.5)
(T 00 — Orw) (D)l < C[6Y% + 67812 4 67/%1], (3.6)
0 x 2
U.oy — Ubw)(y, )dy| do < C 5 (t+1)°, 3.7
, A%
-0 o0 a—2b>0
‘/ Uz — Udy) (y,t dy <C Y 41 (3.8)
a—2b2>0
o0 o0 _ 2
/ ‘ / (U1,07 — Un)(y, t)dy| dx < C[5fle*5t/c + 52], (3.9)
0 x
0 B 2
/ (Ts.es — Un) (s )dy| dz < C[5~1e=9C 4 67, (3.10)

where Us o, (7,t) = Ui(x — sit + «;) (i =1,2) and Uny .0 = Ut.0y + U2.05 — Upn-

Proof.  Since the proofs of (3.1)—(3.5) are fundamental, we will focus on the proofs of (3.6)—(3.10). To
begin with, by noting that (1.9), (1.10) and (2.12), then we can follow the arguments in [9] step by step
to obtain

01 () — D)) < 4 CO <0, (3.11)
T) — x)| < .
! ™w O + 6% %12/C) >0,
and
_ _ C(6% + 5%e0l=1/C) x<0
2 < ) x Y
|Us () — U2y (2)] < { Co2amisl/C o0 (3.12)

(see the proof of [9, (5.17)]). By virtual of (1.3), (1.9), (1.13), (1.14) and (3.1)—(3.4), we have the following
critical estimates on the phase shifts:

| =0 h, i=1,2. (3.13)
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To prove (3.6), one has

1(Uar,a = Urw) O = [(Uas 0o = Urw) G )2y + 1 Uasan = Orw) (5 ) 122+
=Ji + Ja. (3.14)

Now, we treat the terms J; and Jy separately. Using the Cauchy inequality, we have

0
Ji = / |1717o¢1 (2,t) + U oy (2, ) — Uy — U'%W(x — 51t) — U%W(x — Sqot) + ij|2dx

0 0
< 3[/ U100, (2,8) — Uy (@ — 81)*dw + / Uy, (2, t) — Up|*dc
- ~ _
+ / \U%W(x — §ot) — Ude:E]
=Jl+ JE+ TR (3.15)
By virtue of (3.5), (3.11) and (3.13), we get
0 B B 0 B B
Il < c[/ (01 — Uy + a1 — s1t)2da +/ Tk (2 + @ — 51¢) — by (2 — 518 [2dee
lag]|—=s1t _ OUL. |2
< C[/ (U1 — Uty ) () 2de + (1 + |51 — §1|2t2)/ ——IW dx}
—00 R
< C[03 + 6 + 6717, (3.16)

where we have used the fact that

o AU+ M (U)
te 2

Applying the bound (3.5) and (3.13), we obtain

MUZ) + M (Un)

+0(8%) = 5

+0(62) = 51 + 0(5?).

O¢2—82t _ 0 _ |042| _
J? = / Uy (2) — Upp |2 dz < CU |Us(2) — Uy |2d +/ Uy (2) — Upp |2 d2| < C6. (3.17)
o] 0

—00 —

From (2.27) and (2.29), we get

s e 1 L, [T 1
JP < C6 _ dx < C3 _ d
' 2/ (14 o daGe—5a2er1)/8)2 2/_00 (14 o del—5aer1)/8)2

— 00

0 .
< 063/ 2%/ g < C6. (3.18)

Inserting the bounds (3.16)—(3.18) into (3.15), we obtain
J1 < C[0+ 6%+ 677, (3.19)
To control Js, we triangulate as follows
Uarar — Urw = (Uz,0, — Ubw) + (Ut,ay — Um) + (U — Uly)- (3.20)
Then, using the similar arguments just as before, we can obtain
Jo < C[0+ 6%t + 6717 (3.21)

Therefore, (3.6) follows from (3.19) and (3.21) immediately.
Now, we turn to the proof of (3.7). By virtue of (2.27), (2.29) and (3.11), we have

.

xT 2
/ (O — U (9, 1)y de




18 Zhang Y H et al. Sci China Math

<of OO ( | i@ U%w><y>|dy)2dx

0 x 2
+ C/ </ |Ubw(y + a1 — s1t) — Ubw(y — §1t)|dy> dz. (3.22)

—0o0

The first integral on the right-side hand of (3.22) can be bounded as follows:

C/_Z_81t (/; U~ U%w)(y)ldyfdx
s C/Ooo (/; (U = U%w)(y)ldy>2dx + O/Oallslt </Ooo (T — Ull“w)(y)dy)de
' C/| ([ 1= U%w><y>dy)2dx

OB+ 82(t+1) + 85t +1)°%.

By noting (2.27), (2.29) and (3.13), it is easy to see that the second integral can be bounded by

O(1)(t+1) z B 2
ci+ls -l | ( / |<U%W>'<z)|dz) ds

Using the fact that |(Uty)(2)] < C3%e™0121/C (see (2.27) and (2.29)) and that |s; — 51| < €62, we find
that the second term on the right-side hand of (3.21) can be bounded by C[62(t + 1) + 65(¢t +1)3 ] These
estimates prove (3.7). The proof of (3.8) is similar.

Finally, we prove the bounds (3.9) and (3.10). It is sufficient to prove (3.9), since the proof of (3.10)
is similar. By noting that the shock wave s; < 0, (1.9), (1.10), (3.2), (3.5) and (3.13), we have

2

‘/ (Ul,(xl - Um)(yat)dy dx
2
C/ ‘/ (U, — Upn)(y, t)dy dm—l—C/ ‘/ (U1,0, — U1)(y, t)dy| dx
e 467, (3.23)
This proves the estimate (3.9). Therefore, the proof of Lemma 3.1 is completed. O

To deal with the wave interactions from the two different characteristic fields, we divide R x (0, ¢) into
two parts as R x (0,t) = Q7 UQT, where

Q" =4 (z,t) |z < mt and QF =< (z,1)
2

S1 + 8o
T > ——t,.
2 }

Then, we have the following lemma concerning the wave interactions estimates:

Lemma 3.2.  Let the two viscous shock waves Ul,a1 and UQ,QQ be as defined above. Then

z,t)| = 0(1)8, e~ 0 (=+0/C -y o (3.24)
z,t)| = O(1)dpe%2(21+0/C - yp 9= (3.25)
2, 0)[|(Un,a0)a (@, 1) = O(1)856; (e~ (IPHHD/C 4 o= 02(lz1H0)/ ), (3.26)
z,t)| ) (3.27)

(O
(O ol ] = O(FFaa(e™ I/ o024/,

Proof.  Since the inviscid system (1.6) is strictly hyperbolic, then s; < 0 < s3. When ¢ is large, the two
shock waves will decouple. With this, (3.24)—(3.27) can be proved easily.

Indeed, set t9 = 4max;—1 2{|a;|}/s2. When t < ty, the proofs of the estimates (3.24)—(3.27) are
obvious. When ¢ > ty, we have, in QF,

T+ o) — sit > (81 + 32)1'/2 + oy — st > (32 — Sl)t/4 > 0, (328)
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and by Lemma 3.1,
|(Ul,a1 - U7n)(l',t)| = 0(1)616751\:c+a1751t|/0. (329)

It is clear that |x + ay — s1t| > Ct, by (3.28).
When z < 0, we have

|t +a1 —sitl =z + a1 —s1t = x4+ (81— s2)t/4 — s1t > x — 3x/2 = |z|/2. (3.30)
When x > 0, if s; + s5 <0,
|z + a1 — s1t| 2z + a1 + sot = x + 3|ay| = x = |x|; (3.31)

if 81+ 89 > 0,
|z + a1 —sit] > o — (s1+ s2)t/4 > o — /2 = |x|/2. (3.32)
Therefore, |z + a3 — s1t|] = Clz|. Now, we have proved the estimate (3.24). The other estimates in

Lemma 3.2 can be treated similarly. So, we omit the details.
Therefore, the proof of Lemma 3.2 is completed. O

4 Intermediate-time estimate for U — Uy, a,
In this section, we use Lemma 3.1, together with the estimates of Lemma 2.6, to give L? bounds for

U — Ua, o, and its z-antiderivative at time ¢t < §727?. These bounds will serve to control the “initial
data” for the energy estimates of Section 5, where we finally conclude the proof of Theorem 1.1.

Lemma 4.1. Under the assumptions of Lemma 2.6, for t < 627V, we have
U = Ua,az > + [1(v = Bag )t < C Y 8+ 1), (4.1)
a—2b>1
and
x _ 2
H/ (U = Uay,a:)(y, t)dy
< C’{ STt + D T+t + 1)1/2)e=51/C 4 §2(¢ 4 1)3/2e1/€ ] (4.2)

a—2b>0
In addition, there is a positive number M, depending only on U_ and Uy, such that, if
M§?logd ™t <t< 627
(which is possible for small 0), then at time t,
HU - ﬁahaz ||2 + ||(U - 5a1,az)w‘H2 < cot=vB (4-3)

and
2

H [0 Oa)wtias| < 5", (4.4)

where B is a positive constant depending only on U_.

Proof. It is clear that the bounds (4.3) and (4.4) follow from (4.1) and (4.2), respectively. Therefore,
it is sufficient to prove (4.1) and (4.2). To begin with, we triangulate as follows:

U—Ugyoy = (U—Ur—0U)+ (Ur — Urw) + U + (Urw — U, .a0)-
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Bounds for the L?-norms of these terms are given in (2.64), (2.49), (2.54) and (3.6), respectively. This
proves the estimate (4.1). To prove (4.2), we treat the case z < 0 and x > 0 separately. First, for x < 0,
we triangulate as follows,

U— Ua1,a2 = (U - UR - [7) + ([711% - Ull“w) + ((712% - Um) + (7 + (U”}“W - Ul,oq) + (Um - U2,a2)-

Bounds for the antiderivatives of these terms are given in (2.63), (2.50), (2.37), (2.61), (3.7) and (3.10),
respectively. This gives an estimate for ffoo | ffoo(U — Uayo) (Y, t)dy|>dz. For & > 0, we triangulate
differently,

U= Uy = (U = Ur = U) + (U = Ubyy) + (Uk = Un) + U + (U — Uz,0,) + Unm = U1.0,).

The appropriate bounds are obtained in (2.63), (2.51), (2.36), (2.62), (3.8) and (3.9), respectively, thereby
giving an estimate for [;° | [*°(U — Ua, a,)(y, t)dy|*dz. Combining the above, and noting that

/ (U ) (9. 8)y = — / (U = Uy ) (0.1

— 00

by (1.11), (1.12), (1.14)—(1.16) and (2.1), we finally get (4.2). O

5 Proof of Theorem 1.1

In this section, we combine the results of the previous sections to complete the proof of Theorem 1.1.
Set

) r _ o _
= / (U —=Upy,a,)(y, t)dy and =U —Us,as- (5.1)
1\ —oo (4
First, we show the following a priori estimates:
Lemma 5.1. Given U_ = [Z;], there is a small constant ¢ depending only on U_ such that, if

0 =|Uy —U_| <o and if a solution U to (1.3)—(2.1) ezists for to <t < t1 and satisfies

1%, o —o_llz~ < e,
then
t1 t1
sup [[(2,W)(0)] + / (@ T, )(8)]2d + / / (s )a| + | (Usay o)) Ut
to<t<ty to to R
t1
<cli@m@lP+ s ooP+o+ [P 6:2)
to<t<ty to
and

sup [||(¢7¢)(t)||2+||¢x(t)‘|+2]+/1|‘(¢xa"/}x>(t)‘|'|'2dt

loSi<ty to

t1
< [l i)l + lostea? +5-+5 [ oo 5.3
Proof.  First, by virtue of (5.1), we can get

¢, -V, =0,
Uy + p(Vay 00 + Pa) — P(Vay,a0)
= \Ilm/v + (1/7] - 1/V17a1)(U1,a1)w + (1/U - 1/‘/727042)(U2,a2>z
~[P(Var,0:) = P(Viar) — P(V2,0,) + P(Um)],

(5.4)
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and

¢t — Y =0,
Yt + (P(Vay,00 + @) — P(Vay,a0))
= [Wo/v 4+ (1/v =1/Vi0,)Ut,ay)e + (1/0 = 1/Va,0,) (Us,05)a
—(P(Vay,02) = P(Vi,a,) = P(Va,a) + (Vi)

(5.5)

where, V; o, = Vi(z + a; — s;t), etc.
Linearizing the second equation in (5.4), we have

\I/t +p/(@a1,a2)q)w = \I/JJ.'L'/{}(Xl,az + (1/U - 1/5a1,a2)\1}$1‘
+ (/v = 1/Vi,0,)(Ur,a1)z + (1/0 = 1/V2,0,) (U2, )
- [p(ﬁal,az) —p(Vi,a,) = 2(V2,0,) + p(vm)] + O(@i). (5.6)

We multiply the first equation in (5.4) and (5.6) by ® and —¥/p’(Va, a,), respectively, and add and
integrate. Noting that (1/p'(Vay.as))t = 0" (|(U1,01)z| + |(U2,a5)=])/ (@)%, by (3.5) and (1.2), we get

t1 tl
sup (@, B)(0)|? + / /R (U ol + (U U2t + / |0, |2dt
0 0

to<t<ty
t1
< C)(@, W)(to)|? + C / /R Un0)s ]+ | U)o | + 0, 0T, |
to

+(| P2 | + V2,0, — vm‘)|(U1’a1)mH\P| + (1P| + Via, — Um|)|(U2’a2)x||\I’|
+1p(Bar.an) = P(Vi,ar) = P(Va,a) + p(vm)|[ 9] + 0| @3 }dadt

6
= C[|(®, ¥)(to) > + Y K. (5.7)

=1

Using the Young’s inequality, we have

1 tl tl
K1< 7 [ [ 00l + Ul Wadt € [ [ (Ur)al 41 U2 Wrdadt,  (55)
tO R t[) R

and .
1

Ky < CJ[ ¥~ / (B + 0|2 (5.9)
to

By virtue of Young’s inequality and Lemma 3.2, we obtain
Lom 2 " 2
Ko< g [ [ WPt c [ [ (0002
to R to R

t1
0 [ [ 10l lVaas — v Pt
to YR

1 t1 t1
<3| [1@andiepasieec [ [ (@000
to R to R

t
+C§§5§/1/(efalumlm/c+6762<|w\+t>/0)dxdt
to R

1 t1 tl
< 7/ /|(U1,al)w||\1/|2dxdt+c /\(Ul,al)m|<1>i+062. (5.10)
4 to R to R

Similarly, we have

1 tl tl
Ky < 7/ / |(U2,a2)$||\1/|2dzdt+c/ / |(Us.rp )| D2 + C52. (5.11)
4 to R to R
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Applying the mean value theorem, Lemma 3.2, (1.9), (1.10) and Young’s inequality , we get
t1
K < c/ / Vies = vl Vs — o[ 9| dalt
to R
t
< 05152/1/(e"sl(m”)/c+e’52(|“"‘+t)/c)|\ll|dzdt
to R
B t1 .
< 052/ / e 0UeHD/C W) dgdt
to R

B t1 _ g t1 _
<05 e =T/ Capar + — [ e || (t)||?dt
v Jr 20

to
1
<CS+ = sup ||U(t)|?dt. (5.12)
2 to<t<ty
It is easy to see that
t1
Ko < 0||\11||Lw/ 1. |2dt. (5.13)
to

Combining the above relations (5.7)—(5.13), we obtain

sup [[(@, W) + / 1 /R (U0 )el + | (U)o W2t + / (1)) Pt

to<t<ty to

< C[II(‘I’,\P)(to)IIQ+5+(||‘1/||L<x> +1(Ur.a1)e| + I(Uz,az)xl)/t (a0 + ()| (5.14)

Next, we estimate the term fttol |@.||?dt. We differentiate the first equation in (5.4) with respect to z,
multiply by —¥, and add to —®,, times (5.6). Integrating, we then get

/lll%(t)llszC[ sup (II(‘P(t)2+|I<I>m(t)|2)+/1II‘I’x(t)szt}

to to<t<t to

ty
+c/ /R|¢>$|{\wm|+|v—@a1,a2|\wm|+|v—v1,a1\|<U1,al>w\
to
+ |U - V2,O¢z||(U2,a2):c| + |p(@0417012) _p(vl,al) - p(VZ,az) —|—p(1}m)|}dxdt. (5~15)

Using the similar arguments just to that as before, we can obtain

[ 1era < c| sw (w@R 1o+ 2+ [ eata] 610

to toSt<ty

Then, (5.2) follows from (5.14) and (5.16) immediately. Now, we turn to the proof of the estimate (5.3).
Multiplying the first equation in (5.5) by [p(Tay.as) — P(Tay.as + ¢)] and the second equation in (5.5) by v
and adding, we have

170‘1 i) _¢

o+ (om0 piri)]

= _[w(p(@m,az +¢) _p(@OCl’O‘Z))]m - [pwm,% + &) = p(Vay,00) _p/(@m,w)d)](@ahaz)t
+ ¢[¢x/v + (l/v - 1/V1,a1)(U1,a1)x + (1/U - 1/V2,a2)(U2,az)z
- (p(aahaz) _p(Vl,m) _p(VQ,az) + p(vm))]e- (5.17)

Vay,an t

Using the Taylor formula, we get

'Ual,ocg_(b
C 6 < P(Tay.on)b — / p(r)dr < O, (5.18)

a,ag
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and
Cil(b? g p(l_)a1,(¥2 + ¢) _p(l_)a1,(¥2) - p,(ﬁOq,()tz)d) g C¢2' (5'19)
Integrating (5.17) over R X (to,t1) and using (5.18) and (5.19), we then obtain

sup ||(¢7¢)(t)||2<0[||(¢7¢)(t0)||2+ / 1 /R T el St

to<t<ty

+ ‘/t:l A¢[¢x/ﬂ + (1/7) — 1/V1,a1>(U1,a1)x + (1/’() — 1/‘/2,112)([]2,042)1

— (P(Vay,05) = P(V1,01) = P(V2,05) + P(vim)) | dxdt

x

= Cll(¢,¥)(to)lI” + L1 + Lo. (5.20)
By virtue of Lemma 3.1, we get
t1
L1 < 052/ () | 2dt. (5.21)
to

If we integrate the term Lo by parts with respect to z, the boundary term will be

of $(0,7) ( {p(v) - lﬂ ) (0,7)dr

to

(the bracket denotes jump), which is identically zero by [9, Theorem 1.3]. Therefore,

tl tl
Ly<—C [ [a(Pdt+C / / [6all U )ello = Vi
tO to R

+ |¢z||(U2,az)wH” = Va,a,| + |¢m||p(5a1’a2) _p(Vl,al) —p(Vaa,) + p(vm)||dzdt

t1
——C | |e()|?dt + Ly + 12 + L. (5.22)

to

By virtue of triangle inequality, Cauchy-Schwarz inequality, Lemmas 3.1 and 3.2, we obtain
t1
<0 [ [ 16l Wa el (Vs = vl + fol)dude

to R

t1 tl
<C [ [ 1WallvaPdndt +-C [ [ (U10)al1Vas ~ v e
to R to R
t1
4 [ [ 1Whailw? + 6 doi
to R

<o / UOIP + b (8)[2)d + €52 (5.23)

Similarly, we have
t1
0

L3 < 052/ (@I + e ()11*)dt + C2. (5.24)
t
Applying mean value theorem, Cauchy-Schwarz inequality, Lemma 3.2, (1.9) and (1.10), we get
t1
B<C [ [ Wia — vnllVas — vullbaldsas
to R

t1 t1 _
< 0o ||wm(t)||2dt+053/ / e 0UIHD/C dpat (5.25)
to R

to

t1
<05 / 1 (1)]|2dt + C5.
to
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Inserting the estimates (5.23)—(5.25) into (5.22), we obtain

L<—C / ()Pt + €5 / @I + [a(O)]2)dt + 5. (5.26)

Combining the relations (5.20), (5.21) and (5.26), we then get

sup () (017 + / a(O)Pdt < ClI(6, ) (1) + 6 / emdi+ o). (5.27)

to<t<ty

Finally, we obtain a piecewise L? bound for the first order derivative of the variable ¢ to compete the
proof of (5.3). Setting H(z,t) = logv — log Vs, o, and using (1.11), (1.12) and (2.1), we can get

Vi + (P(v) = P(Vay,05))e = Hat + [(1/Var 00 — l/Vl,al)(Ul,al)fc + (1/17041,042 - 1/V2,a2)(U2,a2)r
- (p({}ahoﬂ) - p(Vl,al) - p(V2,a2) + p(vm))]a- (5.28)

Multiplying (5.28) by —H, and integrating, we obtain

sup |[H, (042 + / L

to<t<ty

ty t1
< 0|t + [ f 1001 @n a)alidasa+ [ f vt azar
to tO
ty
b [ F UL 000 = 1/ Vo) Urin)a + (1500 = 1/Vas) V)
to

T P(Tarn) — D(Vias) — p(Vao) +p<vm>>]x}dxdt]
6
=> M. (5.29)

By the definition of H and (3.5), we have

My < Clllda(tol” + | (@ay.az)e (fo)] < Clllgs (b + 67). (5.30)

Applying Cauchy-Schwarz inequality and (3.5), we get

My < C8 / HL O + [60)]2)d. (5.31)

to

Noting

thz = (¢H:L’)t - (wHt)z + Hth = (sz)t - (wHt)x + 1/15/1) + (]-/U - l/aal,ag)(ﬂal,ag)zwza

and [9, Theorem 1.3], we obtain

t1
Mo s (GIHOF +CloIP) +C [ o @

toStsty

t1 "
e / F 1o an)elloll szt + O / [ HL)(0.0)|de

< s (GHELOF +CWOR) +0 [ e

to<St<ty

t1
+ 06 + O / o (8)||2dt. (5.32)

to
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Using Cauchy-Schwarz inequality, Lemmas 3.1 and 3.2, we have

t1
My + M5 < C6% + C6? / || H o (¢t W2 dt. (5.33)

to

By using mean value theorem, Cauchy-Schwarz inequality and Lemma 3.2, we obtain
ty
Mo < C [ f Vi, = vl (Ve )al +Vens = 0 (Ve, ol o
to
t1
< 0%+ C8? / || H . (¢t W2t (5.34)
to

From (5.29)—(5.34), we get

t1
sup || Ha (612 + / | H (0%t
to<St<ty to
t1 t1
“L sup [0 + 6 (to}f? +0 -+ 6° / l6(6)|2dt + / ||¢x<t>++2dt]. (5.35)
0t to to

By the definition of H and (5.35), we have

t1
sup [lga(t)? + / b (£ 2t

to<t<ty

<c[ sup 116, )OI + [6altoHt? + 6 + 82 / (|2t + / 1||ww<t>++2dt} (5.36)

to<St<ty to to
Then, (5.3) follows from (5.27) and (5.36) immediately, and the proof of Lemma 5.1 is completed. = O

In the following lemma, we apply the local existence result in [9], the intermediate-time result,
Lemma 2.6 and the a priori estimates above to obtain global existence. It should be mentioned that
the local and global well-posedness of the system (1.1) or the corresponding non-isentropic system with
discontinuous initial data have been systematically studied by Hoff, etc., see [9-15].

Lemma 5.2. Given U_ = [lfj;], there is a small constant €y depending only on U_ such that, if

§ = Uy — U_| < eg, then the Cauchy problem (1.3)—(2.1) has a unique global solution U satisfying

izgn(@,\p)(r)HQ + /too (¢, ) (7)) 2dr < { 52‘22[1 + 0t + 6 te(=070/C, z;z 557
sup (16 D) + 10 (rH?] + [ 16w o ar < 502, (5.39)
and
splg ()t )12 + 972t )2 + ) )
[Tl P+ o))+ 92l () < € (5.39)

where to = M&~2log =Y, M and B are positive constants depending only on U_, and g(7) = min{1,7}.

Proof.  We take to as indicated above, so that the estimates (4.3) and (4.4) hold. Adding a small
multiple of (5.3) to ¢ times (5.2), we see that, for ¢ > to,

t1 ty
sup (@O + [ 1@ )Pt [ [ ((Oa)a] + (Un)a¥dnde < C50, - (5.40)
to R

to<t<ty to
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and

sup [1(6 $) (D) + léx (O] + / (o 2dt < C5F. (5.41)

to<tSty

These hold as a priori bounds, i.e., provided that v — v_ and ||¥||p~ remain small. On the other hand,
(5.40) and (5.41) imply that [0~ < CI2[]? < C3278 and |6~ < [9lP6uf® < C>27E,
both of which are arbitrarily small, provided that ¢ is sufficiently small. These observations, together
with the local existence result, [9, Theorem 1.3], and the intermediate-time result, Lemma 2.6, prove the
global existence of U, and show that (5.40) and (5.41) hold for all ¢ > ty. (5.37) then follows from (5.40)
and (4.2); (5.38) follows from (5.41), (4.1) and the triangulation

/ (e )i2dr < C / ' ][ (AU + [(Tr)a® + 1Tol + [(Tas )l Jddr
0 0

<C D) o+ 1) <ot

a—2b>1

by (2.64), (2.31), (2.56) and (3.5). Finally, (5.39) is a consequence of [9, Theorem 1.3] and the bounds
(5.37) and (5.38). O

Proof of Theorem 1.1. First, it is easy to see that, if U¢ and U are the solutions to (1.1)—(1.3) and
(1.3)—(2.1), respectively, then

US(z,t) = U<x, t). (5.42)

€ €

The global existence of U€, its regularity and the information (1.17) concerning the jump discontinuities
in U€ then follow directly from [9, Theorem 1.3] and Lemma 5.2. To prove Theorem 1.1, it is sufficient
to prove the convergence results (1.18) and (1.19). Setting G(t) = ||[(U — Ua,.a, ) (-, t)||? and using (5.37)—
(5.39) and (1.1), we have ftzo{G(t) + |%G(t)|}dt < o00. This yields limy o0 [|(U —Uay a,) (5 1)[|> = 0, from
which and Sobolev’s inequality it follows

lim sup |U(x,t) — Uy, as (2, )| = 0.

t—o0 z#£0

This together with the estimate (1.17) gives

lim sup |U(z,t) — Uy, (2, t)] = 0. (5.43)

t—o0 zERL

Noting (1.15) and the definitions of Uy, Us and Uy, 4, (see Lemma 3.1), we have

U;Lag (x,t) = Uf(x — syt + a€) + Us(z — sat + aze) — Uy,

T — s1t + aq€ _ ([ x — sot + age
1< 1 1>+U2< 2 2>—Um

€ €

r — sit _ (1 — sot
1< 61+a1>+U5< 62+a2>—Um

Tzt
aq,02 (67 E) . (544)

Then, (1.19) follows from (5.42)—(5.44) immediately. By using (6.61) and (6.64), one can write

I
]

U(a,t) = U°(2,t) = U(2,) = Uge ag (2,) + Use o (2,8) = U°(, 1)

_ (U(f z) T (f ﬁ)) + (Uam (f z> _ Uo(x,t)>. (5.45)

From (5.43), it is easy to see that
t — t
lim  sup U(x, > — T,y (m )‘ = 0. (5.46)
€ e €€

€0 g t|>h,i=1,2
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By virtue of (1.20) and Lemma 3.1, we have

- Tt
lim sup Uai,a (, ) —U%a,t ‘ =0. 5.47
€0 3 —s;t|>h,i=1,2 PP\ el e (1) ( )
Then, (1.18) follows from (5.45)—(5.47) immediately.
From (1.5), it is clear that
t
U%(x,t) = U° (f 6). (5.48)

By (5.45) and (5.48), (1.20) follows directly from (5.39), Lemma 3.1 and Sobolev inequality.
Therefore, the proof of Theorem 1.1 is completed. O
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